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whatever manner the angles and sides may depend on one another. This is logically certain. But the empirical foundation on which it rests is for that reason not a whit more superfluous than it is in the analogous cases of physics.
The mode in which the sides and angles depend on one another is, naturally, first recognized in special instances. In computing the areas of rectangles and of the triangles formed by their diagonals, the fact must have been noticed that a rectangle having sides 3 and 4 units in length gives a right-angled triangle having sides, 3, 4, and 5 units in length. Rectangularity was thus shown to be connected with a definite, rational ratio between the sides. The knowledge of this truth was employed to stake off right angles, by means of three connected ropes respectively 3, 4, and 5 units in length.1 The equation 32 + 42 = 52, the analogue of which was proved to be valid for all right-angled triangles having sides of lengths a, b, c (the general formula being a2 + b2 = c2), now riveted the attention. It is well known how profoundly this relation enters into metrical geometry, and how all indirect measurements of distance may be traced back to it. We shall endeavor to disclose the foundation of this relation.
It is to be remarked first that neither the Greek geometrical nor the Hindu arithmetical deductions of the so-called Pythagorean Theorem could avoid the consideration of areas. One essential point on
1 Cantor, Geschichte der Mathematik, Leipsic, 1880.    I., pp. 53, 56.